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Determination of the equivalent internal heat source from surface
temperature measurements in microwave processing of materials
is formulated as an inverse source problem of a nonlinear diffusion
equation. The versatile generalized pulse-spectrum technique
(GPST) inversion algorithm with the incorporation of multi-level
grid method and hierarchical parallelism is developed for solving
this type of inverse problems. Development of a simple 2D code
has been completed. Numerical simulations are carried out to test
the feasibility and capability of this improved GPST without the real
measurement data. It is found that this new inversion algorithm
not only does produce very good results but also is much more
efficient and stable than its standard version. © 1997 Academic Press

INTRODUCTION

Microwave heating is used generally for changing mate-
rial characteristics, separating and bonding different mate-
rials, and processing a wide variety of ceramic materials.
As a matter of fact, microwave processing of ceramics is
one of the most important modern industrial processes [18,
16, 1]. In microwave processing, high thermal stresses often
cause the undesirable cracking of samples. Hence knowl-
edge of temperature distribution in the sample is crucial
in overcoming this type of problems. The entire physical
phenomenon of microwave heating can be described by
the solution of the initial-boundary value problem of the
Maxwell’s equations coupled with a nonlinear diffusion
equation, but this system of seven partial differential equa-
tions is just too costly to solve in general. Here we propose
to simplify this problem by first representing the effects of
the microwave energy loss in the sample with an unknown
equivalent internal heat source and then solving an inverse
source problem of the nonlinear diffusion equation from
the surface temperature to determine this unknown inter-
nal heat source. These surface temperature data can be
obtained by using the independent infrared sensors. In
other words, what we are proposing here is that one solves
an inverse source problem of one PDE in a much smaller
domain (including the sample only), instead of the original
initial-boundary value problem of seven PDEs in a much
larger domain (inclusing both sample and microwave

oven). The advantage in computation can be illustrated by
a simple comparison of the computational efforts of these
two approaches. Based on an implicit 3D finite difference
scheme and Gaussian elimination solver for matrices, a
rough estimate of the asymptotic number of floating point
arithmetic operations (FLO) count for the initial-boundary
value problem of seven PDEs is FLOyg = O(mTYB?/2),
where m = 7 is the number of PDEs, T = O(10?) is the
number of time steps needed in simulation, Y = O(y?) is
the total number of grid points for the microwave oven
containing the sample, y is the number of grid points in
one direction, B = O(mY??) is the bandwidth of the ma-
trix. Hence FLOy = O(1.7 X 10%7). Similarly, based on
the standard generalized pulse-spectrum technique
(GPST) without any refinement [5], the asymptotic
FLO count for the inverse source problem of one PDE is
FLO:,, = O(Nk3Z3/3), where k = 3 is the number of
unknown parameters of heat source, N = O(10) is the
number of iterations needed for the convergence of GPST,
Z = O(z®) is the total number of grid points for the sample
only, z is the number of grid points in one direction. Hence
FLOy,, = O(90z°). The approximate condition for the pref-
erence of solivng the inverse source problem of one PDE
than the initial-boundary value problem of a system of
seven PDEs is FLO;,, < FLOy;; i.e., z° < 188y’. In general,
y = O(3z) and then the condition becomes z < 641 which
is more than enough, for in practice, z = O(10?).

Up to the present, very little research has been done for
solving the inverse source problems of diffusion equations.
On the other hand, much research has been done for solv-
ing the inverse coefficient problems of diffusion equations
[4,3,6,12,11,7,14] and for the inverse boundary-condition
problems of diffusion equations [2, 10]. Here the versatile
GPST inversion algorithm [6, 7, 12, 13], with the novel
incorporation of the multilevel grid method [8, 9, 20], and
the hierarchical parallelism [5, 9] is developed for solving
this type of inverse source problem. For simplicity, here
only a 2D code based on the polar coordinate is developed.
Due to the lack of access to multiprocessor computers,
numerical simulations are carried out only on a single proc-
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essor computer to test the feasibility and capability of this
improved GPST inversion algorithm without the real mea-
surement data. It is found that this new inversion algorithm
not only produces very good results, but also it is much
more efficient and stable than its standard version, even
on a single processor computer. We cannot compare our
results with others, because through an extensive literature
search we are not able to find any.

GOVERNING EQUATIONS AND
MATHEMATICAL FORMULATION

The partial differential equations governing the micro-
wave heating of ceramic materials are
V XV XE — ued’e(x, T)E/ot* + wodo(x, T)E/ot = 0,
x€N,0<t< o, V-[k(x, T)VT] — Cp(x, T)oT/ot
+ o(x, T)E-E*/2 =0,
x€NCN0< <o,
with the appropriate initial-boundary conditions for E(x,

t) on 9 and 9}, and the convective-radiative boundary
condition for T(x, t) [15]

k(x, T)aT/om = h(T, — T) + s(aT* — BT?),

(2)
X E 00,0 << o,
and the initial condition for T,
T(x,0) = T(x), x& Qg+ 3y, 3)

where () is the interior of a microwave oven with boundary
3Q, () is the ceramic sample with boundary €}y, 9 -/dn is
the derivative normal to 9€),, E(x, f) is the electric field,
T(x, t) is the temperature distribution in the sample, w, is
the free space permeability, e(x, T) is the permittivity, o (X,
T) is the conductivity, x(x, T) is the thermal conductivity
of the sample, the constant C is the specific heat of the
sample, p(x, T) is the density of the sample, /4 is the convec-
tive unit surface conductance of the sample, s is the Stefan—
Boltzman constant, and 8 and « are the emissivity of the
surface of the sample and that of the free space, respec-
tively.

Since the task of solving Egs. (1)-(3) is either extremely
difficult or impossible in general, here we propose to sim-
plify the problem by first eliminating the Maxwell’s equa-
tionin (1) and replacing the electromagnetic power dissipa-
tion term oE - E*/2 in the nonlinear diffusion equation by
an unknown equivalent internal heat source Q(x, 7), i.e.,
Eq. (1) is replaced by

V- [k(x, T)VT] — Cp(x,T)dT/ot + Q(x, T) =0,
xE0),0<r< oo,

“4)
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where in the finite range of 7 (0 to 1400°C), Q(x, T) is a
simple quadratic function of T [17] and can be approxi-
mated amply by the cubic polynomials,

O, T)=c1(x)T + c2(x)T? + c3(x)T°. 3)

Next in addition to the process of microwave heating, the
surface temperature of the sample is measured indepen-
dently at few locations by infrared sensers to provide the
auxiliary condition

T(x,,t,) = Ts(x,, 1), X, € 0Q;

(6)
p=1273.,Pv=123, ..

Now, solving the initial-boundary value problem of Egs.
(1)-(3) is replaced by first solving the inverse source prob-
lem of Egs. (2)—(6) to obtain the equivalent internal heat
source Q and then solving the initial-boundary value prob-
lem of Egs. (2)-(5) to obtain the temperature distribution
of the sample.

GENERALIZED PULSE-SPECTRUM
TECHNIQUE (GPST)

The GPST iterative inversion algorithm begins by setting

To1(x,8) = T,(x,t) + 8T, (x, 1),
Cl,n+1(X) = clwn(x) + 5C[’,1(X), (7)
1=1,2,3;n=0,1,2,3 ...,

where for convergence the d-terms are smaller than their
corresponding non-é-terms in some norms and the c¢;’s
are the initial guesses for the corresponding unknown ¢;’s.
Upon substituting (7) into Egs. (2)-(5) and neglecting
terms of O(&%) and higher, one obtains the same nonlinear

diffusion equation for 7, as that for 7, except with the
additional subscript “n,”

V- [k, VT,] = CpdT, /ot + (c1n T, + 2, Ta + ¢3,T5) = 0,
XEQQ,O<1<00,}’120,1,2,3,..., (8)
k0T, /on = h(T, — T,) + s(aT? — BT?),
X E 00,0 <t < 0, 9)
and
T.(x,0) = T(x),

X & QO + GQO, (10)

where k, = k(x, T,,) and p, = p(x, T,,), and a linear diffusion
equation for 67,
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V- [k,VOT,] + V- (8T, VT,0k,/0T,) — Cp,ddT, /ot

— C(3p,/dT, (0T, /01)8T, + (crn + 2¢2,, Ty + 3¢5, T%)ST,

_Tnacl.n - T%t5c2.n - T?,&C:;.n, X E QO>
0<t<w,n=0,1,2,3,.., (11)
k, 08T, /on = —[h + 4sBT3 + (9k,/dT,)(9T,/dn)]ST,
XE 30, 0<t< oo, (12)
and
6T,(x,0) =0, x&Q+ 9. (13)

By using the method of Green’s function, the solution
of Egs. (11)—(13) can be expressed in the integral relation

[0 ], Gux, X, 6)(Be1 T+ 8es,u T + 83, T3) dx” d
’ (14)
= Tn - Tn+1’ n= 0’ 1927 3’ ey

where G,(x, t; X', t') is the appropriate Green’s function
of Egs. (11)-(13).

For speeding up the convergence and eliminating the
unknown 7., in (14), one can first set (x, ?) to (x,, t,),

=1,2,3, .., P,v=1,2, 3, .., Y, where the surface
temperature T is measured at the pth location and the
vth time step, and then replace T,,.1(X,, t,) by the measured
temperature 7Ts(x,, t,). Hence the integral form (14) is
reduced to a system of Fredholm integral equations of the
first kind for the unknowns éc, ,, éc, ., and dcs ,,

f: fﬂ Gu(x,,t,; X', 1')(6¢1, T, + 8¢, T3 + 8¢3,,T5) dx’ dt’
0

1,2,3,..,P; (15)

= Tu(x,,t) — Ts(x,,1),p =
v=1,2,3,..,Y;n=0,1,2,3, ...

Theoretically, Egs. (7)-(10) and (15) form the basic
structure of each GPST iteration. Each cycle of GPST
iteration consists of a direct half-cycle in which (8)-(10)
are solved and an inverse half-cycle in which (7) and (15)
are solved. However, in practice it is extremely difficult to
find the Green’s function and then to solve the system of
integral equations (15). On the other hand, one can first
discretize (11)—(13) the same way as for (8)—(10) to obtain
a linear algebraic relation, and then one utilizes the same
method from above to transform the derived linear alge-
braic relation into a system of linear algebraic equations
for the unknowns dc; ,,, éc,,,, and dcs,,.

On a uniform circular cylindrical grid with / increments
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of Ar, J increments of A6, and radius R (Fig. 1), a simple
explicit finite difference scheme based on the integral forms
of the divergence and gradient operators and uniform time
step At gives the discretization of (8)—(10) as

m+1 — m m m m m
Tni,]' - (Lni,/'l + Lm',jZ + Lni,i3 + Lm’,]’4 + Ani,/’l

At i) At/[iC(Ar)* Abp): ],

(16)
i=2,3, Lj=1,2,3, ] = 0;
m=0,1,2,3,..M;n=0,1,2,3, ...,
where
Lm g1 = (Km] 1 + Km 1)(Tm j-1 T%,])/ZZA&
Lm J2 = (Km+1 J + Km ])(Tm+1 J Tm,])(l + %) Ae»
ani,j3 = (KZTI"]'+1 + Knmi‘j)(TZ},jJrl - TZ:’])/(_IAO),
m 4= (Km 1,7 + Km /)(Tm 1,j m;)(_l + %) AO, (17)

AR =ICAO(Ar)pit i Tr i/ AL, At 1o =1 (Ar)*A6Q0 ;3
K (=T + 4T —

+ S[B(T211+1,_,')4 -
m=1,2,3,...M

3T )2 Ar = h(Th j— Truvn))

r[+1]] ] 152, 37 5‘] And 09

n=0,1,2,3, ..,
where T77.1 ; can be solved by using the Newton’s method;

Pj=T., =123 .,1+1;
(1)

i=1,2,3,.,J «0,n=0,1,2,3, ...

To satisty the required stability condition of the above
explicit finite difference scheme at the center of the circular
cylindrical coordinate, where i = 1, the small size of the
triangular zones requires At to be very small. This difficulty
can be overcome by combining the J triangular zones into
one single circular zone so that the integration path is the
circle centered at i = 1 with radius Ar/2. In this way, Eq.
(16) becomes

Tm =1Tm + AtQn/Cphy

J
> (ki + ks (T — T,

j=1

n=0,1,2,3, ..

+ 2 Af[JC(Ar)*pi] ™t
m=0,1,2,3,...M (19)

Similarly, the finite difference approximations of Egs.
(11)-(13) are
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FIG. 2. Initial guess of ¢;(x) for Example 1. FIG. 5. Initial guess of c,(x) for Example 1.
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FIG. 8. Initial guess of c3(x) for Example 1.

FIG. 6. Computed values of c,(x) for Example 1.

5Nnmiqi3 = _[(Unmi,iﬂ + UZ;‘,]')(TZ;',]'H - Tﬁj)(é‘Tﬁjﬂ
where oL}, [ =1, 2,3, 4, equals L)} ;s with 77} /s being - .
replaced by 877, + 6T ))/4i A,

SN = ~[(Uni-y;+ U YTty ; — T )(ST iy ;

M,,’",—j—l/2 = —[i(Ar)2 A9/4][(DZ}31 + Dy (5T,1mij-1 + 6T ],
+ 6T 1(i — 3) A6/4,
RiiV2 = —i(Ar)2 A2 At) ' [C(pist + pm )(STit — 8T
Dt =1 pij + 26000, Tt + 3¢50 (Tt )2
+ (Vs oTmst + Vi 8T )Tt — T )],
Uri=(0k,/0T,), and V5, = C(0p, /0T, 45
ONpi = [(Unijor + Uni YTt j1 = Thi )(6T 7t ja
_KZLIJrl.j(&T}T]fl,]‘ - 457‘5&1 + 35TZLI+1‘])
+ 8T )]/4i A6,
=2 Ar[h + 4sB(ST.1,)) + Unpr (T
ON = [(Unterj + UR ) (Titerj — Toi (6Tt
— AT+ T )y0T 0,
+ 8T ))(i + 3) A6/4,
i=12,3,..,J =« 0;m=1,2,3,.., M;

n=0,1,2,3,..; (1)

RO ,
S o 8T, =0, i=1,2,3,.,1+1;

: Nttt =0 TS I

- NSyt i :

s NN oottt i j=1,23,..J = 0n=01,23,.. (22

‘I\\\\\\\\‘\“\‘\\::“\\“‘QQOOQ""O"Illllllli,/;/

g 2 A NN ““ X ' Equations (20)—(22) can be written in the matrix form,
~ o
=

am,m+1 . 5'I‘m+1 + bm,m+l . grm — dm,m+l . 5C
(23)
m=0,1,2,3,... M,

where a1 and b}*! are the known (IJ + 1) X (IJ +
1) matrices, 6T,’s are the unknown (IJ + 1)-dimensional
vectors, d77"*! is the known (IJ + 1) X 3(IJ + 1) matrix,
and é&c, is the unknown 3(1J + 1)-dimensional vector ar-
ranged in the form (J¢,,, 8¢, 8¢s,) .

Upon collecting all of the equations in (23) correspond-
FIG. 7. Exact values of ¢,(x) for Example 1. ing to the spatial data points x,, p = 1, 2, 3, ..., P, where
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Computed values of c3(x) for Example 1.

the surface temperature measurements are performed, and
replacing 77,4 (X,, t,) by their corresponding measured
values T(x,, t,), one obtains a compact linear algebraic
system for each v,

D, 8¢, =Sy, v=1,23,..Y;n=0,1,23,., (24)

where Dy, is the known P X 3(1J + 1) full matrix and S}
is the known P-dimensional vector.
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FIG. 10. Exact values of c3(x) for Example 1.

To obtain an overdetermined system for &¢,, one can
choose Y large enough and cascade Y of the underdeter-
mined system of (24) into a single system to acquire

D,-é6c,=8,, n=0,1,2,3,..., (25)
where D, is the known YP X 3(IJ + 1) full matrix,

S, is the known YP-dimensional vector, and YP =
37 + 1).

FIG. 11. Computed values of c;(x) for Example 2.



380

CHEN AND CHEN

FIG. 12. Exact values of c;(x) for Example 2.

Unfortunately, D, is rectangular and D}, - D, is highly
ill-conditioned; hence Tikhonov regularization method
[19] is used to overcome this difficulty; i.e., instead of solv-
ing (25), one solves the regularized system,

(DI-D, + Al)- 8¢, =DI-S,, n=0,1,2,3,.., (26)

where A is the regularization parameter.

c2 witid)
01 015 02 025

0.05

0

Here, in essence, each cycle of GPST iteration con-
sists of a direct half-cycle in which Egs. (16)-(19) are
solved and an inverse half-cycle in which Egs. (26)
and (7) are solved. Simple computational complexity
analysis, as before, can show that the bottle neck in
computation lies mainly in the inverse half-cycle of
GPST iteration.

FIG. 13. Computed values of c,(x) for Example 2.



0.2 0.25

0.15

c2 Wiy

0.1

A MULTILEVEL GRID METHOD

To improve the efficiency and stability of the standard
GPST inversion algorithm, a multilevel grid method sim-
pler than that of Chen and Zhang [8] and Chen [9], but
similar to that of Zhu and Chen [20] is incorporated into

0.025

0.02

c3wintid)
0015

FIG. 15.
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FIG. 14. Exact values of c,(x) for Example 2.
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the standard GPST algorithm. Let I'y be the coarsest grid

and a sequence of successively finer grids I'y C '} C I,

Computed values of ¢3(x) for Example 2.

C -+ C I'r be constructed by dividing each zone element
of the next coarser grid. Here the multilevel grid method
requires that 775! of (16)—(19) is solved on I'x for all
iterations. It also requires d¢, of (26) to be solved on I’y
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FIG. 16. Exact values of c;(x) for Example 2.

for the first few iterations; then its numerical values are
interpolated into I'; as the initial guess for the next few
iterations. Next, the numerical values of ¢, on I'; are
interpolated into I', as the initial guess for the next few
iterations. One continues this process until the final numer-
ical values of &c, are calculated on the finest grid I'z. In
this way, the number of iterations on I'z for solving ¢, is
greatly reduced. Since the total computational cost for
solving dc, on all coarser grids is minuscule in comparison
with that for one iteration on I'y, the efficiency of the
standard GPST inversion algorithm is greatly improved.
Furthermore, because of the systematic improvement of
the initial guesses, the stability is also greatly ameliorated.

PARAMETER-SPACE PARALLELISM

Here the parameter-space parallelism first requires the
unknown parameter correction vector éc, to be decom-
posed into three subvectors ¢, ,, 8¢, and éc¢;,,. Then
these three subvectors can be obtained independently by
solving three uncoupled subsystems,

(D}:n : Dl.n + )‘ll) : 5cl,n = D}:n : Sn’
[=1,2,3;n=0,1,2,3, ...,

(27)

where D, = (Dy,,,D,,,Ds,) and Df, - D,,’s are symmetric
(IJ + 1)-dimensional matrices.

It is clear that every subsystem of (27) can be solved
separately, either on an individual cluster of processors in

parallel or on a single processor sequentially. Moreover,
this parallelism can be incorporated directly into the multi-
level grid method with great ease. The efficiency is greatly
improved here because each subsystem is much smaller
than the original system.

NUMERICAL SIMULATIONS

In order to test the feasibility and capability of this new
GPST inversion algorithm without real measurement data,
the following numerical simulation procedure is carried
out. First, a set {c/*(x)}, / = 1, 2, 3, is chosen as the suppos-
edly correct values of {¢/(x)}, I = 1, 2, 3. Then Egs. (2)-(5)
are solved to get the supposedly measured surface temper-
ature Tg(x, t). Next, these computer-generated data are
used in the inversion algorithm to obtain a set of approxi-
mate parameters {¢; {(x)}, / = 1, 2, 3. The magnitude of
the norms || — ¢, #|, / = 1, 2, 3, can be used as a criterion
for evaluating the performance of this improved GPST
inversion algorithm. Our tests have shown that even with
a random error of 1% in the input data the results are still
very good.

Many examples are used in our numerical simulations
and it is found that this new GPST inversion algorithm
produces very good results for all of them. Due to the
large amount of graphs needed to present the numerical
results of just one example, only the results of two typical
examples with the same initial guesses are presented here
in Figs. 2-10 (Example 1) and Figs. 11-16 (Example 2).
For easy estimation of errors, a typical plot (Example 2)
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FIG. 17. Plots of Max|c} — ¢;,| vs. n, [ = 1,2, 3, for Example 2, with
units W/m3K, W/m’K?2, and W/m>K?, respectively.

of Max|c} — ¢;,|, I = 1, 2, 3, as functions of “n” is given
in Fig. 17.

For these two examples, a typical ceramic sample with
k(x, 1) = ag(x) + a;(xX)T + ar(x)T? + a3(x)T°> and Cp(x,
) = bo(x) + by(x)T + by(x)T? + b3(x)T? is considered.
For Example 1, ay = 0.06(1 + r/2R) W/mK and b, =
2092(1 + r/2R) kJ/m’K and for Example 2, a, = 0.06
W/mK and b, = 2092 kJ/m?K. For both examples, a; =
0.1ay 1/K, a, = 0.01a, 1/K?, a3 = 0.001a, 1/K3, by = 0.1b,
1/K, by = 0.01by 1/K?, b3 = 0.0016, 1/K3, h = 0.95
W/m?K, s = 5.6696 X 107 W/m*K*, « = B = 0.92, At =
1s, the finest (third) level of grid Ar = 0.005m, Af =
7/8, and there are eight data points uniformly distributed
ati = I + 1. Moreover, the same regularization parameters,
A =107 ), = 1078, and A; = 1079, are used in both ex-
amples.

On a single SUN SPARC II workstation, approximately
7.5 min of computer time is needed for each complete
inversion. Since we are not able to obtain access to a
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multiprocessor computer, the estimated computer time
would be approximately less than 3 min on a cluster of
three similar workstations in parallel. On the other hand,
when the standard GPST is used for the same inverse
problem, 350 min of computer time is needed on the same
workstation. Hence the efficiency of the standard GPST
inversion algorithm is improved at least by a factor of 100
on a multiprocessor computer and this is quite remarkable.

CONCLUSIONS

The capacity of this GPST inversion algorithm with the
multilevel grid and the parameter-space parallelism for
solving three-parameter 2D inverse source problem of a
nonlinear diffusion equation has been clearly demon-
strated in our numerical simulations. The excellent perfor-
mance for this simple prototype of inversion code has
definitely encouraged us to develop a similar 3D code with
an irregular spherical grid system for solving the “real”
inverse source problem of the nonlinear diffusion equation
in the microwave heating.
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